Abstract. We adapt the general conditions of the weak convergence for the sequence of processes with discrete time to the diffusion process towards the weak convergence for the discrete-time models of a financial market to the continuous-time diffusion model. These results generalize a classical scheme of the weak convergence for discrete-time markets to the Black-Scholes model. We give an explicit and direct method of approximation by a recurrent scheme. As an example, an Ornstein-Uhlenbeck process is considered as a limit model.
INTRODUCTION
The paper focuses on the diffusion approximation for the recurrent schemes of financial markets. The problem of convergence of the discrete-time financial models to the models with continuous time is well developed: starting from the central limit theorem for approximation of the Black-Scholes model by the Cox-Ross-Rubinstein model and continuing with more involved models, see, e.g., [1] [2] [3] [4] [5] 12] . The evident questions here are: does the weak convergence of the stock price processes imply the convergence of the option price processes or the convergence of the hedging portfolios and the optimal portfolio strategies. The attempts to go ahead from simple binomial schemes were made using the results of weak convergence. These results were generalized with the help of the functional limit theorems in [13] and summarized, e.g., in [19] . The rate of convergence of the option prices in the framework of weak convergence was c AGH University of Science and Technology Press, Krakow 2015
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Yuliya Mishura also widely discussed, e.g. in [2, 11] . However, for the case when the limiting stock price process is a semimartingale of a more general structure, for example, if it is a solution of the diffusion stochastic differential equation, the results are formulated under comparatively restricted conditions. For instance, the approximation by Markov chains is studied and the conditions using analytical terms are formulated in [19] . The binomial and trinomial models are also widely used (see e.g., [19, 24] ). For example, the approximation described in Chapter 2 of [19] is based on the binomial model and the sequence of real numbers that one needs to define.
The goal of this paper is to adapt the theorems of the diffusion approximation from [18] and [13] to the multiplicative financial models which are natural for the prelimit market. Moreover, we construct the recurrent schemes for the prelimit market that are even more natural, to our opinion, than the trinomial schemes since they are constructed based on the binomial scheme with the help of the scheme similar to the Euler approximation. For this we proceed with three steps: first, we consider the Euler approximation scheme for the solution of a stochastic differential equation; second, we replace the increments of a Wiener process with binomial random summands; and, third, we take into account the adjusting term that appears when we pass from the multiplicative financial schemes to the additive mathematical ones. To some extent, these ideas were realized in [19] , however our approach is more explicit, direct and general.
The paper is organized as follows. In Section 2 we present the general results from [18] concerning the conditions of the weak convergence for the discrete-time processes to the general diffusion process, i.e., we formulate the general functional limit theorem for the diffusion approximation. In Section 3 we adapt these results to the additive and, that is even more important, multiplicative schemes. Then we apply the results to the market for which the limit price process is modeled by the geometric Ornstein-Uhlenbeck process. The recurrent scheme for the diffusion approximation for the case when the limiting process is represented by the geometric Ornstein-Uhlenbeck process is constructed. We discuss the applicability of the geometric Ornstein-Uhlenbeck process in the sense that the corresponding financial model is arbitrage-free and complete. The conditions of convergence for the option prices including the joint convergence of the stock prices and the Radon-Nikodym derivatives are established as well. Note that another type of approximation of the financial market driven by the geometric Ornstein-Uhlenbeck process, and even by the geometric Ornstein-Uhlenbeck-Lévy process, was studied in [21] .
GENERAL FUNCTIONAL LIMIT THEOREM FOR THE DIFFUSION APPROXIMATION
Recall some notions from the classical semimartingale theory (see, for example, [18] ).
Let the set T = [0, T ] and Ω F = (Ω, F, (F t , t ∈ T), P) be a complete filtered probability space satisfying the standard assumptions. Denote as D(T) the set of all real-valued functions on T that have left-hand limits and are continuous on the right (cadlag functions). In what follows we consider only cadlag processes (processes with cadlag trajectories). A real-valued process X = {X t , F t , t ∈ T} considered on the probability space Ω F is called a semimartingale if it admits the decomposition of the form
where M is a local martingale with M 0 = 0 and A is a process of locally bounded variation. A semimartingale {X t , F t , t ∈ T} is called a special semimartingale if it admits the decomposition mentioned above and the process A is predictable. Denote as M = { M t , t ∈ T} the quadratic characteristic of the locally square-integrable martingale {M t , F t , t ∈ T}. It is a predictable increasing process for which the process M 2 t − M t is a local martingale. Also, denote ∆X t = X t − X t− . Theorem 2.1 ( [18] ). If X = {X t , F t , t ∈ T} is such a semimartingale that for some a > 0 and all t ∈ T we have |∆X t | ≤ a, then X is a special semimartingale.
Let {X t , F t , t ∈ T} be a semimartingale. For each a > 0 we denote
and 
where ν is the compensator (a dual predictable projection) of the measure µ. Let us denote M c = M ac and C t (X) = M c t . The processes (B a (X), C(X), ν) compose the triplet of predictable characteristics for the semimartingale X. Now we introduce the general pre-limit and limit processes participating in the diffusion approximation. In a connection to the limit process, let {X t , F t , t ∈ T} be a continuous semimartingale.
In this case it is obvious that ν ≡ 0, and B a t (X) coincide for any a > 0. We denote as B t (X) the common value of all B a t (X). Suppose that
and
for some predictable measurable functions
Moreover, we suppose that c(t, x(·)) > 0. In this case we can apply the generalized Lévy theorem (see, e.g., [10] ) concluding that there exists a Wiener process
c(s, X)dW s . Therefore, X is the solution of the stochastic differential equation
Assume that the coefficients of the equation (2.3) satisfy the following condition: there exists a function L : T → R + such that for any t ∈ T and any X ∈ D(T)
Suppose that we have the sequence of the probability spaces (Ω n , F n , (F n t , t ∈ T), P n ), n ≥ 1 with a filtration, and a sequence of semimartingales X n = (X n t , F n t , t ∈ T) on the corresponding probability space, with trajectories in D(T) a.s. and with the triplets of the predictable characteristics (B n,a , C n , ν n ). Suppose that for any ε > 0 and a ∈ (0, 1] the following conditions hold
Here we denote as Q and Q n , n ≥ 1 the measures that correspond to the processes X and X n , n ≥ 1, respectively. 
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THE DIFFUSION APPROXIMATION FOR AN ADDITIVE SCHEME
To adapt the well known functional limit theorems towards the financial models, suppose now that we consider the semimartingale X = {X t , F t , t ∈ T} from the previous section but in a simplified situation. More precisely, we suppose that the measurable functions b and c have forms
We assume also that the coefficients b and c satisfy the conditions for existence and uniqueness of the weak solution of the stochastic differential equation
Let c(t, x) ≥ 0, t ∈ T, x ∈ R, and the limit process X be a solution of this equation.
Remark 3.1. The conditions for existence and uniqueness of the weak solution in the case of the homogeneous coefficients b and c were formulated in [17] and the most general conditions were obtained in [6] and [7] . For the inhomogeneous case, we just refer to the classical book [20] containing results on the existence and uniqueness of the solution of a martingale problem.
Now we simplify the prelimit processes introducing the step-wise functions. Let n ≥ 1. Consider the sequence of the probability spaces (Ω n , F n , (F n t , t ∈ T), P n ) with a filtration and the sequence of step-wise semimartingales X n = {X n t , F n t , t ∈ T} defined on a corresponding probability space and admitting a representation
So, the trajectories of the process X n have the jumps at the points kT /n, k = 0, . . . , n and are constant in the interior intervals. Denote F 
is a jump process, we have that
Denote by Q and Q n , n ≥ 1 the measures that correspond to the processes X and X n , n ≥ 1, respectively. Throughout the paper, we put 
Also, let the functions b, c uniquely determine the measure Q. Then we have the weak convergence of the probability measures
A DISCRETE APPROXIMATION SCHEME FOR THE PRODUCT-PROCESSES IN THE FINANCIAL MARKET
Consider the sequence of discrete-time financial markets consisting of two assets, a bond and a stock. We suppose that the bond admits the representation
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where {r
real numbers. Let the stock admit the representation
where {R (n) k > −1, 1 ≤ k ≤ n} are random variables on the probability space (Ω n , F n , P n ), n ≥ 1. We introduce the σ-fields
We are in a position to present the conditions of the weak convergence of this product model to the limit model of the form
where the process X is the unique weak solution of the equation (3.1). Let's introduce the processes
We denote as Q and Q n , n ≥ 1 the measures that correspond to the processes S and S n , n ≥ 1, respectively. 
Then the point-wise convergence holds: B n t → B t , n → ∞. 2) Let the conditions (B) and (C) hold:
(C) Functions b and c uniquely determine the measure Q.
Then we have weak convergence of the probability measures
Proof. In connection with the convergence of B n , let 0 < a < 1 be fixed. Due to condition (A), (i) we can consider such n 0 that for n ≥ n 0 we have that sup 1≤k≤n |r
For such n we present log(B n t ) as
where |α(a, r
Then the convergence of B n follows immediately from conditions (A), (i) and (ii). Consider the weak convergence of Q n . Due to condition (B), (i), we can fix any 0 < a < 1 and it is enough to establish the corresponding convergence for 
We fix an arbitrary δ > 0, apply condition (B), (ii) and find such C > 0 and n(δ, C) that for n ≥ n(δ, C)
Therefore, with probability P n , exceeding 1 − δ,
Using the calculations above and conditions (B), (i) we can conclude that the weak convergence of the measures corresponding to the processes {Y n , n ≥ 1},
2 )}, {log S n , n ≥ 1} and {log S n,a , n ≥ 1} holds simultaneously and implies the weak convergence of {S n , n ≥ 1}. At first we consider {X n , n ≥ 1} and apply Theorem 3.2 with Q
k . It follows from condition (B), (iv) that (3.6) holds. Furthermore, it follows from conditions (B), (i) and (iii) that for any ε > 0
Therefore, it follows from condition (B), (v) that (3.7) holds, and we get that X n W → X. Now we can apply Theorem 6.26 from [13] and deduce from the weak convergence above and condition (B),
[·] means the quadratic variation, X is a weak solution to SDE (2.3). As to [X], it equals
t 0 c 2 (s, X s )ds whence the proof follows.
A RECURRENT SCHEME FOR THE DIFFUSION APPROXIMATION WHEN THE LIMIT PROCESS IS A GEOMETRIC ORNSTEIN-UHLENBECK PROCESS
Let Ω F = (Ω, F, (F t , t ∈ T), P) be a complete filtered probability space satisfying the standard assumptions, and consider the adapted Ornstein-Uhlenbeck process with constant parameters on this space
where µ ∈ R and σ > 0.
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We are in a position to construct a discrete scheme that weakly converges to the geometric Ornstein-Uhlenbeck process which is given for technical convenience by the formula S t = exp{X t − σ 2 2 t}. In what follows we denote as C constant values of which are not so important, and their values can be different from line to line. Consider the following discrete approximation scheme. Assume we have a sequence of the probability spaces (Ω n , F n , P n ), n ≥ 1 and let {q (n) k , n ≥ 1, 0 ≤ k ≤ n} be the sequence of iid random variables in the corresponding probability space, each with two possible values ± T n , n → ∞ and P n (q
Let n > T . We introduce the recurrent scheme:
, let Q n be the measure corresponding to the process
and Q be the measure that corresponds to the process S t = exp{X t − Proof. According to Theorem 3.3, we need to check conditions (B) and (C). However, (C) is evident, so we need to check only (B). At first, we mention that the random variables x (n) k can be presented as
whence there exists a constant C > 0 such that sup 0≤k≤n |x
a.s. and it means that the condition (B), (i) holds. Furthermore, in order to establish (B), (ii), we consider any fixed a ∈ (0, 1] and such n 0 that C √ n0 ≤ a. Then for any n ≥ n 0 we have that
for some C > 0 whence condition (B), (ii) follows. To establish (B), (iii), we should note that in our case for any ε > 0, a ∈ (0, 1] and n ≥ n 0
Now let us check the condition (B), (iv). At first we shall prove that
Due to representation (4.3), it is enough to prove that
But the last assertion follows immediately from the Kolmogorov's inequality for the sums of iid random variables: A ≤ C −2 T = 0. Now, we have that for any ε > 0 and a ∈ (0, 1]
and (B), (iv) holds. The condition (B), (v): for any ε > 0 and a ∈ (0, 1]
The theorem is proved.
THE PRELIMIT AND LIMIT ORNSTEIN-UHLENBECK MARKETS ARE ARBITRAGE-FREE AND COMPLETE
In this section we consider the prelimit discrete discounted Ornstein-Uhlenbeck market
) and the sequence x (n) 0 be bounded. Then there exists n 0 such that for any n > n 0 the prelimit market (B n t , Y n t ) is arbitrage free and complete.
Proof. We look for such probability measures P n, * that P n, * ∼ P n and for which E P n, * (Y The relation (5.1) is equivalent to (1 + ρ
3)
The equality (5.2) is equivalent to
We have the equivalent relations:
. Then we immediately get from (5.4) that 
